Perfect Gabriel filters of right ideals and their corresponding right rings of quotients have the desirable feature that every module of quotients is determined solely by the right ring of quotients. On the other hand, symmetric rings of quotients have a symmetry that mimics the commutative case. In this paper, we study rings of quotients that combine these two desirable properties.
Introduction
As T.Y. Lam puts it in [6] , noncommutative localization is "The Good, the Bad and the Ugly". It is "good" since for a class of noncommutative rings we can mimic the construction of a quotient field of an integral domain and embed those rings in division rings. It is "bad" since not all rings -not even all domains -can be embedded in a division ring. Finally, it is "ugly" because even those rings that can have such an embedding might have nonisomorphic division hulls.
Different types of rings of quotients have been used in attempts to rectify the "badness". For example, the maximal right ring of quotients Q r max (R) exists for every ring R and has properties that bring Q r max (R) closer to being a division ring than R. However, Q r max (R) may fail to have some features of the classical ring of quotients Q r cl (R) that we would prefer to keep.
Gabriel's work in [4] provides the basis for a uniform treatment of different rings of quotients. Presently, torsion theories provide a framework suitable for a comprehensive study of rings of quotients. Starting with a hereditary torsion theory τ or, equivalently, with a Gabriel filter of right ideals F, one can define the module of quotients M F for every right R-module M. For M = R, we obtain the right ring of quotients R F . M F is the right R F -module for every right module M. Using this approach, Q r max (R) is the right ring of quotients with respect to Lambek torsion theory (localization with respect to a set of dense right ideals).
If a Gabriel filter F has the property
for every right R-module M, then F is called perfect and the right ring of quotients R F is called the perfect right ring of quotients. Thus, all the modules of quotients are determined solely by the right ring of quotients. This feature makes perfect filters interesting to work with. Perfect right rings of quotients and perfect filters have been studied and characterized in more details (see Theorem 2.1, page 227 in [16] and Proposition 3.4, page 231 in [16] ). The largest perfect right ring of quotients is another attempt to find a "good, notbad, not-ugly" ring of quotients. Indeed, for every ring the largest perfect right ring of quotients exists, is denoted by Q Noncommutative localization might have another "bad" property that classical localization of an integral domain does not have -non symmetry. Namely, left localization might not yield the same quotient as right localization. As a result, the symmetric version of ring of quotients has begun to attract ring theorists and, as a result, the symmetric Martindale ring of quotients (see section 14B in [6] ) and the maximal symmetric ring of quotients Q σ max (R) emerged (first introduced by Utumi in [17] , studied in [8] and [12] ). Schelter's work on symmetric rings of quotients in [15] parallels Gabriel's work on right rings of quotients in [4] -it provides the basis for a uniform treatment of two-sided rings of quotients using torsion theories. Namely, if F l and F r are left and right Gabriel filters, the symmetric ring of quotients F l R Fr can be defined. Using this approach, Q σ max (R) is a two-sided localization with respect to left and right dense ideals. In [11] and [13] , Ortega defines the symmetric modules of quotients F l M Fr with respect to left and right Gabriel filters F l and F r of R-bimodules M. If M = R, Ortega obtains Schelter's F l R Fr .
In this work, we define the symmetric version of a right perfect ring of quotients and the symmetric version of total right ring of quotients. Specifically, if F l and F r are left and right Gabriel filters and F l R Fr the symmetric ring of quotients, we study the conditions for the symmetric filter induced by F l and F r to have the property
for all R-bimodules M. We characterize the perfect symmetric rings of quotients and perfect symmetric Gabriel filters proving the symmetric version of Theorem 2.1, page 227 in [16] and Proposition 3.4, page 231 in [16] . Then, we prove that every ring has the largest perfect symmetric ring of quotients -the total symmetric ring of quotients. We denote it by Q σ tot (R). We prove that Morita's construction of Q r tot (R) can be adapted to the construction of Q σ tot (R).
In section 2, we review some basic notions including torsion theories, hereditary torsion theories their right rings of quotients and module of quotients. In section 3 we review the symmetric version of notions from section 2 and prove that the symmetric version of tensoring torsion theory has all the properties the one-sided version of tensoring theory had (Proposition 7).
Then we turn to perfect ring of quotients. In section 4 we review the characterization of perfect right rings of quotients and the characterization of perfect right filters we attempt to adapt to the symmetric case. In section 5, we present the characterization of perfect symmetric rings of quotients (Theorem 11) and perfect symmetric filters (Theorem 13).
In section 6, we define the perfect symmetric ring of quotients Q σ tot (R) (Theorem 15). We prove that Q σ tot (R) has the symmetric version of properties that are satisfied by Q r tot (R). We study Q σ tot (R) for some specific classes of rings and illustrate our work with some examples.
The total right ring of quotients Q r tot (R) is usually constructed as a directed union of all perfect right rings of quotients. Morita in [10] has a different approach. He starts from the maximal right ring of quotients Q r max (R) to construct Q r tot (R) by transfinite induction on ordinals, "descending" from Q r max (R) towards R instead of "going upwards" starting from R using the directed family as in the classical construction. In section 7, we prove that the symmetric version of this construction produces the total symmetric ring of quotients Q σ tot (R) (Theorem 20).
We finish the paper with a list of open problems in section 8.
Right rings of quotients
Through the paper, a ring is an associative ring with unit.
A torsion theory for R is a pair τ = (T , F ) of classes of right R-modules such that T and F are maximal classes having the property that Hom R (T, F ) = 0 for all T ∈ T and F ∈ F . The modules in T are called torsion modules for τ (or τ -torsion modules) and the modules in F are called torsion-free modules for τ (or τ -torsion-free modules). We can consider the analogous notion for left R-modules and R-bimodules. To emphasize if we are referring to right or left version of these notions, we shall be referring to right and left torsion theories. If R and S are rings, torsion theories of R-S-bimodules can be defined accordingly.
A given class of right R-modules T is a torsion class of a right torsion theory if an only if it is closed under quotients, direct sums and extensions. A class of right R-modules F is a torsion-free class of a torsion theory if it is closed under taking submodules, isomorphic images, direct products and extensions (see Proposition 1.1.9 in [2] ).
If τ 1 = (T 1 , F 1 ) and τ 2 = (T 2 , F 2 ) are two torsion theories, we say that
A torsion theory τ = (T , F ) is hereditary if the class T is closed under taking submodules (equivalently torsion-free class is closed under formation of injective envelopes, see Proposition 1.1.6, [2] ). A torsion theory τ = (T , F ) is faithful if R ∈ F .
For every module M, the largest submodule of M that belongs to T is called the torsion submodule of M and is denoted by T (M) (see Proposition 1.1.4 in [2] ). The quotient M/T (M) is called the torsion-free quotient and is denoted by F (M). It is easy to see that T defines a functor as f (T (M)) ⊆ T (N) for f : M → N since T is closed for quotients. If τ = (T , F ) is hereditary, this functor is left exact.
If M is a right R-module with submodule N and m ∈ M, denote {r ∈ R | mr ∈ N} by (m : N). Then (m : 0) is the annihilator ann(m). A right Gabriel filter F on a ring R is a nonempty collection of right ideals such that (1) If I ∈ F and r ∈ R, then (r : I) ∈ F.
(2) If I ∈ F and J is a right ideal with (r : J) ∈ F for all r ∈ I, then J ∈ F.
Similarly, if M is a left R-module, we denote {r ∈ R | rm ∈ N} by (N : m) and can define a left Gabriel filter analogously.
If τ = (T , F ) is a hereditary torsion theory, the collection of right ideals {I | R/I ∈ T } is a Gabriel filter. Conversely, if F is a right Gabriel filter, then the class of right modules {M | ann(m) ∈ F for every m ∈ M} is a torsion class of a hereditary torsion theory. The details can be found in [2] or [16] .
We recall some important examples of torsion theories.
Example 1 (1) The torsion theory cogenerated by the injective envelope E(R) of R is called the Lambek torsion theory. It is hereditary and faithful. Moreover, it is the largest hereditary faithful torsion theory. The Gabriel filter of this torsion theory is the set of all dense right ideals (see definition 8.2. in [6] and Proposition VI 5.5, p. 147 in [16] ). (2) If R is a right Ore ring with the set of regular elements T (i.e., rT ∩tR = 0, for every t ∈ T and r ∈ R), we can define a hereditary torsion theory by the condition that a right R-module M is a torsion module iff for every m ∈ M, there is a nonzero t ∈ T such that mt = 0. This torsion theory is called the classical torsion theory for a right Ore ring. It is hereditary and faithful. (3) Let R be a subring of a ring S. The collection of all R-modules M such that M ⊗ R S = 0 is closed under quotients, extensions and direct sums. Moreover, if S is flat as a left R-module, then this collection is closed under submodules and, hence, defines a hereditary torsion theory. We denote this torsion theory by τ S and the torsion submodule of a right module M by T S (M). As all flat modules are τ S -torsion-free, τ S is faithful. If S is flat as a right R-module, we can define a left hereditary torsion theory by the condition that a left R-module M is torsion if and only if S ⊗ R M = 0. We denote this torsion theory by S τ.
PROOF.
(1) From the definition of τ S it follows that the largest torsion submodule of M is the kernel of the map i M .
(2) Tensoring the exact sequence 0 → R → S → S/R → 0 with M from the left produces the exact sequence 0 → Tor
If we identify M with M ⊗ R R, we can identify T S (M) with Tor If τ is a hereditary torsion theory with Gabriel filter F = F τ and M is a right R-module, the module of quotients M F of M with respect to τ (and F) is defined as
In section 1 of chapter 9 of [16] , it is shown that R F has a ring structure and that M F has a structure of a right R F -module. The ring R F is called the right ring of quotients with respect to the torsion theory τ. If S is a ring extension of R, S is a right ring of quotients if S = R F for some Gabriel filter F of a hereditary torsion theory τ. In [7] , there is an equivalent approach to the module of quotients:
In particular, q R : R → R F is a ring homomorphism. By Lemma 1. [16] , the following lemma holds. 
There is a torsion theory on R F naturally induced by the torsion theory for R defined by F. Let F F denote the filter of right R F -ideals that contain an ideal of the form JR F for some J ∈ F. It is not hard to see that these are exactly right R F -ideals I such that I ∩ R ∈ F. R F is isomorphic to the right ring of quotients of R F with respect to F F (see Proposition 4.28, page 96 in [13] ).
For example, Q r max (R) is the right ring of quotients with respect to the Lambek torsion theory (see sections 13B and 13C in [6] and Example 1, page 200, [16] ). The torsion theory for Q If τ is hereditary and faithful with Gabriel filter F, then R F can be embedded in Q r max (R) as τ is smaller than the Lambek torsion theory (see (1) of Example 1). Since R is dense in Q r max (R), then R is dense in R F as well.
If F is the Gabriel filter of left ideals and M a left R-module we denote the module of quotients of M with respect to F by F M and the left ring of quotients with respect to F by F R.
Symmetric rings of quotients
If R and S are commutative rings, F a right Gabriel filter on R, S a right ring of quotients with respect to some filter F ′ and f : R → S a homomorphism such that f (I)S ∈ F ′ for all I ∈ F, then f extends uniquely to a ring homomorphism R F → S. However, this property might fail in noncommutative case (see Example 4.29, p 98 in [13] ). Motivated by this fact, Schelter [15] generalized the commutative case by working over the ring R ⊗ Z R op . Ortega extended Schelter's results and constructed the two sided localization of bimodules R M S with respect to given left filter on R and right filter on S. In this section, we present an overview of this construction and prove some results we need in the subsequent sections.
If R and S are two rings, F l a Gabriel filter of left R-ideals and F r a Gabriel filters of right S-ideals, define F l F Fr as the set of right ideals of S ⊗ Z R op containing an ideal of the form J ⊗ R op + S ⊗ I where I ∈ F l and J ∈ F r . This defines a Gabriel filter ( [13] , page 100). We shorten the notation F l F Fr to l F r when there is no confusion about the Gabriel filters used. We call l F r the filter induced by F l and F r . If τ l and τ r are the torsion theories corresponding to filters F l and F r respectively, we call the torsion theory l τ r corresponding to l F r the torsion theory induced by τ l and τ r .
If R M S is a R-S-bimodule, T l (M), T r (M) and l T r (M) torsion submodules of M for τ l , τ r and l τ r respectively, then
For details see [5] , I, ch. 2, Proposition 2.5. Conversely, the class of all R-Sbimodules that are in l T ∩ T r defines the torsion class of the torsion theory induced by l τ and τ r .
In [11] and [13] , Ortega defines the symmetric module of quotients of M with respect to l F r to be
where the homomorphisms in the formula are S ⊗R op homomorphisms (equivalently R-S-bimodule homomorphisms).
An equivalent approach to modules of quotients can be obtained considering the compatible pairs of R-homomorphisms.
We define an equivalence classes of compatible pairs by defining
There is a bijective correspondence between elements of l M r and the equivalence classes of compatible pairs of homomorphisms (Proposition 1.4 in [11] or Proposition 4.37 in [13] ).
As l M r is the module of quotients with respect to filter of right ideals over a ring for every bimodule R M S , we have the R-S-bimodule map q M : M → l M r and the following properties hold by Lemma 3. If R = S, the right-sided situation automatically ensures that l (R ⊗ R op ) r has the ring structure. However, we would like to have the ring structure on l R r . Fortunately, this is the case (see [15] ). Ortega (Lemma 1.5 in [11] ) proves this fact using different methods than Schelter in [15] . The ring l R r is called the symmetric ring of quotients with respect to torsion theory l τ r .
There is a torsion theory on l R r naturally induced by torsion theory l τ r . Let l Fr F l Fr denote the filter of right l R r ⊗ l R op r ideals that contain an ideal of the form J( l R r ⊗ l R op r ) for some J ∈ l F r . It is not hard to see that these are
If we consider the symmetric ring of quotients of ring l R r with respect to this induced torsion theory, we obtain the ring l R r again (see Proposition 4.42 in [13] ). We shall denote this fact as
For a R-bimodule M, it readily follows that l M r is a right l (R ⊗ R op ) r -module.
Unfortunately, we need to impose some additional conditions on M to obtain the l R r -bimodule (right l R r ⊗ l R op r ) structure.
Let R and S be two rings, F l and F r Gabriel filters of right and left ideals for R, G l and G r Gabriel filters of right and left ideals for S, and M a R-S-bimodule. In this case, consider the following four conditions. [13] ) studied Q σ max (R) using the torsion theories. Q σ max (R) can also be described as follows:
For proof see Remark 4.33 in [13] . As R is torsion-free for the torsion theories determined by D r and D l , R is torsion-free in the torsion theory induced by D r and D l as well. Thus, R embeds in Q σ max (R). 
(2) If R is a right and left Ore ring with the set of regular elements T , the classical left and the classical right rings of quotients coincide (see page 303 in [6] ) and we denote this ring of quotients by Q cl (R). The torsion theory for R-bimodules defined by the condition that a R-bimodule M is a torsion module iff for every m ∈ M, there are nonzero t, s ∈ T such that sm = mt = 0 is induced by the torsion theories τ Q cl (R) and Q cl (R) τ (see part (2) of Example 1). This torsion theory is called the classical torsion theory for an Ore ring. In part (6) of Proposition 7, we prove that Q cl (R) is equal to the symmetric ring of quotients with respect to the classical torsion theory. (3) Let R be a subring of a ring S. The collection of all R-bimodules M such that S ⊗ R M ⊗ R S = 0 is closed under quotients, extensions and direct sums. If S is flat as a right and a left R-module, then this collection is closed under submodules and, hence, defines a hereditary torsion theory. We call this torsion theory symmetric tensoring torsion theory and denote it by S τ S . We denote its filter by S F S . Let S F and F S denote the filters of S τ and τ S respectively. Recall that S F = {J left R-ideal |SJ = S}, F S = {K right R-ideal |KS = S}, M is a S τ -torsion module if and only if S ⊗ R M = 0, and that M is a τ S -torsion module if and only if M ⊗ R S = 0. We prove the following properties of the torsion theory S τ S .
Proposition 7 Let R be a subring of a ring S such that S is flat as a right and a left R-module.
(1) S τ S is torsion theory induced by torsion theories S τ and τ S and it coincides with the torsion theory 
where the horizontal map is the natural R-bimodule map i M , the vertical map is the R-bimodule map q M , and the diagonal map 
To prove the converse, let us first note that
This can be seen from the following commutative diagram.
The bottom row is obtained by tensoring 0
with S from the right and is exact because S is left R-flat. The top row is exact by part (2) of Lemma 2. Identifying the modules S ⊗ R (M ⊗ R S) and (S ⊗ R M)⊗ R S, we obtain the above commutative diagram. From the diagram, the first vertical map is identity.
Similarly, we obtain the equality
Applying the left exact functor S T ( ), to the exact sequence 0
. This produces the following commutative diagram.
The bottom row is exact by part (2) of Lemma 2. The last vertical equality follows from the previous commutative diagram and the first vertical equality follows then from the fact that the last two vertical maps are equalities.
Consider now the following diagram.
The first two nonzero columns and rows are exact by part (2) of Lemma 2. The third nonzero column and row are exact by left and right flatness of S. The last nonzero row and column are exact because the functors S/R ⊗ R and ⊗ R S/R are right exact.
It is not hard to check that the diagram commutes. The only nontrivial part is to show that the top left square is commutative but this follows since
Now let us consider the diagonal maps. The map S T (T S (M)) → M is injective as it is an inclusion. The image of this map is contained in the kernel of i M :
As the vertical map S T (M) → M is inclusion and the maps in the second square in the first row commute, m is in S T (M). But then, 1 ⊗ m = 0. Symmetrically, we obtain that m ⊗ 1 = 0. This proves the exactness of the diagonal maps and
. So, the first part of condition (1) and condition (2) of the proposition follow.
If we identify the right action of R ⊗ R op with the R-bimodule action, we can identify
(3) The ideal I of R is in S F S if and only if R/I is in S τ S . By parts (1) and (2), this is equivalent with 0 = S ⊗ R R/I ⊗ R S ∼ = S ⊗ R S/IS ∼ = S/SIS. Thus, I ∈ S F S iff S = SIS. As S τ S = τ S⊗S op , the second equality from the claim follows. The last set in the claim describes the filter induced with F S and S F. But as S τ S is the torsion theory induced by τ S and S τ, the last equality follows.
(4) If M is a R-bimodule that is left and right flat, then
and so it is torsion-free.
(6) Note that the classical ring of quotients Q cl (R) is both left and right R-flat (Proposition II.3.5 in [16] or Exercise 17, page 318 in [6] ). An element m of Rbimodule M is in the torsion submodule for the classical torsion theory if and only if ms = 0 and tm = 0 for some regular elements s and t. However, by part (2) of Example 1, this condition is equivalent with 0 = m ⊗ 1 ∈ M ⊗ R Q cl (R) and 0 = 1 ⊗ m ∈ Q cl (R) ⊗ R M. Part (2) of this proposition proves that this is
The symmetric ring of quotients Q cl F R F Q cl is equal to
it is easy to see that Θ M is unique l R r -bimodule map with this property.
2
The property of commutative rings and their rings of quotients described in the first paragraph of this section holds for any rings and their symmetric rings of quotients. Namely, if R is a ring, F l and F r are filters of left and right ideals respectively, S a symmetric ring of quotients with respect to torsion theory induced by left and right filters G l and G r , and f : R → S a ring homomorphism such that Sf (J) ∈ G l , f (K)S ∈ G r for all J ∈ F l and K ∈ F r , then there is a unique ring homomorphism f : F l R Fr → S such that f = f q R . For proof, see Lemma 4 and Theorem 2 in [15] (alternatively Lemma 4.40 and Theorem 4.43 in [13] ).
Perfect right ring of quotients
Recall that the ring homomorphism f : R → S is called a ring epimorphism if for all rings T and homomorphisms g, h : S → T, gf = hf implies g = h.
Proposition 8
The following conditions are equivalent:
For proof see Proposition XI 1.2, p. 226 in [16] .
The situation when S is flat as left R-module is of special interest. There is a characterization of such epimorphisms due to Popescu and Spircu ( [14] ).
Theorem 9
For a ring homomorphism f : R → S the following conditions are equivalent.
(1) f is a ring epimorphism and makes S into a flat left R-module. The proof can also be found in [16] , p. 227.
If f : R → S satisfies the equivalent conditions of this theorem, S is called a perfect right ring of quotients, a flat epimorphic extension of R, a perfect right localization of R or a flat epimorphic right ring of quotients of R.
A hereditary torsion theory τ with Gabriel filter F is called perfect if the right ring of quotients R F is perfect and F = {I|q R (I)R F = R F }. The Gabriel filter F is called perfect in this case.
The perfect filters have a nice description. They are characterized by the property that the map Θ M (see Lemma 3) is an isomorphism for every module M. Moreover, the following holds.
Theorem 10
The following properties of a Gabriel filter F are equivalent.
(1) F is perfect. The proof can be found in [16] (Theorem XI 3.4, p. 231). Note that the functor q from parts (2) and (3) is always left exact.
This theorem establishes a one-to-one correspondence between the set of perfect filters F on R and the perfect right rings of quotients given by F → R F with the inverse S → {I|f (I)S = S} for f : R → S epimorphism that makes S into a flat left R-module.
From parts (4) and (5) of this theorem, the torsion submodule of R for a perfect torsion theory is isomorphic to Tor R 1 (R, R F /R) which is 0. So, a perfect torsion theory is faithful. Thus, if S is a perfect right ring of quotients, then
Every ring has a maximal perfect right ring of quotients, unique up to isomorphism (Theorem XI 4.1, p. 233, [16] ). It is called total right ring of quotients (also maximal perfect right localization of R, maximal flat epimorphic right ring of quotients of R, right perfect hull, right flat-epimorphic hull). We shall use the same notation as in [16] and denote it by Q r tot (R). Q 
Perfect symmetric ring of quotients
In this section, our goal is to prove the symmetric versions of Theorems 9 and 10.
Theorem 11 For a ring homomorphism f : R → S the following conditions are equivalent. (1) f is a ring epimorphism and makes S into a flat left and a flat right R-module. (2) The family of left ideals F l = {I|Sf (I) = S} is a left Gabriel filter, the family of right ideals F r = {J|f (J)S = S} is a right Gabriel filter and there is a ring isomorphism
The following conditions are satisfied. i) For every s ∈ S, there are r i ∈ R and s i ∈ S, i = 1, . . . , n and r j ∈ R and s j ∈ S, j = 1, . . . , m such that f (r i )s ∈ f (R) for all i, sf (r j ) ∈ f (R) for all j, 
PROOF. (1) ⇒ (2)
The proof that F r is a right Gabriel filter is the same as in the proof of the right-handed version of the theorem. Similarly, l F is a left Gabriel filter. The filter of two-sided ideals of R induced by F l and F r is the set of R-ideals such that Sf (I)S = S by part (3) of Proposition 7.
Let M be any R-bimodule. We show that
To prove this isomorphism, consider the following exact sequence.
Tensoring the exact sequence from both sides with S, we obtain
The first nonzero map is bijective as f is epimorphism and so S⊗ R coker(i M )⊗ R S = 0. Thus, coker(i M ) is a S τ S -torsion module and so l (coker(i M )) r = 0.
of Lemma 4, applying the left exact functor q on the exact sequence 0 →
The isomorphism in (1) asserts that l R r ∼ = l (S⊗ R R⊗ R S) r ∼ = l (S⊗ R S⊗ R S) r ∼ = l S r . The middle map is an isomorphism because f is a ring epimorphism. Thus l R r ∼ = l S r via q(f ) as the composition R → S ⊗ R R ⊗ R S → S ⊗ R S ⊗ R S → S is f.
As S ∼ = S ⊗ R S ⊗ R S, the S τ S -torsion submodule of S is 0 so S is S τ Storsion-free. Thus q S : S → l S r is an embedding. From the proof of the right-sided version of the theorem ( [16] , top of page 228) it directly follows that every right R-homomorphisms β : J → S, J ∈ F r can be extended to R. Thus, β is the left multiplication L t by some t ∈ S. Similarly, every left R-homomorphism α : I → S, I ∈ l F can be extended to R. Thus, α is the right multiplication R s by some s ∈ S. If α and β are compatible, isj = R s (i)j = α(i)j = iβ(j) = iL t (j) = itj for every i ∈ I and j ∈ J. Thus, the left multiplication by is − it is a right R-map that maps J onto 0 and so it factors to a map R/J → S. But as S is τ S -torsion-free (S embeds into S ⊗ R S), there are no nonzero maps from τ S -torsion modules into S. Hence, is − it = 0. As this holds for every i ∈ I, the right multiplication by s − t is a left R-map that maps I onto 0 and so it factors to a map R/I → S. But as S is S τ -torsion-free, it is zero on entire R. Thus s = t.
This asserts that every pair of compatible homomorphisms (α, β) from l S r is of the form (R s , L s ) for some s ∈ S. Because of this, the map q S is onto and so it is an isomorphism.
Thus we obtained the following commutative diagram with q S and q(f ) being isomorphisms.
Defining g = q(f ) −1 • q S we obtained the desired isomorphism.
(2) ⇒ (3) For s ∈ S ∼ = l R r , there are I ∈ F l and J ∈ F r such that f (I)s ⊆ f (R) and sf (J) ⊆ f (R). As Sf (I) = S and f (J)S = S, 1 = n i=1 s i f (r i ) = m j=1 f (r j )s j for some r i ∈ R and s i ∈ S, i = 1, . . . , n and r j ∈ R and s j ∈ S, j = 1, . . . , m. As f (I)s ⊆ f (R) and
If f (r) = 0, then r ∈ l T r (R). Thus, there are I ∈ F l and J ∈ F r such that Ir = 0 and rJ = 0. As Sf (I) = S and f (J)S = S, again 1 = n i=1 s i f (r i ) = m j=1 f (r j )s j for some r i ∈ R and s i ∈ S, i = 1, . . . , n and r j ∈ R and s j ∈ S, j = 1, . . . , m. As Ir = 0 and rJ = 0, r i r = 0 for all i, and rr j = 0 for all j. A hereditary torsion theory l τ r with filter l F r induced by F l and F r is perfect if the symmetric ring of quotients l R r is perfect, F l = {I| l R r q R (I) = l R r } and F r = {J|q R (J) l R r = l R r }. The Gabriel filter l F r is called perfect in this case.
Next, we prove the symmetric version of Theorem 10 characterizing the perfect filters.
Theorem 13
The following properties of a Gabriel filter l F r induced by F l and F r and with l R r left and right R-flat are equivalent. (7) of Proposition 7) and it is a l R r -bimodule isomorphism.
Thus l τ r is equal to the symmetric tensoring torsion theory l Rr τ l Rr by part (3) of Proposition 7 and so ker(
and thus M ⊗ R l R r = 0 and l R r ⊗ R M = 0 again using Proposition 7. (3), it follows that the torsion theory l τ r is smaller than the symmetric tensoring torsion theory l Rr τ l Rr . Thus, l R r q R (I) = l R r for every I ∈ F l , and q R (J) l R r = l R r for every J ∈ F r . Note that l τ r ≤ l Rr τ l Rr implies that R is l τ r -torsion-free as it is torsion-free in the tensoring torsion theory. Thus, q R is an embedding.
By Theorem 11 and part (3) of Proposition 7, it is sufficient to show that I ∈ F l for every left ideal with l R r q R (I) = l R r , and that J ∈ F r for every right ideal with q R (J) l R r = l R r . Let I be a left R-ideal such that l R r q R (I) = l R r . Then 1 = n i=1 q i q R (r i ) for some r i ∈ I and q i ∈ l R r . For every such q i , there exist a left ideal
. From q R (K) ⊆ q R (I) it follows that K ⊆ I because q R is an injection. As K ∈ F l , I is in F l as well. (1) + (2) ⇒ (5) From the proof of Theorem 11, we have that the R-module
Tensor it with l R r from both sides. As l T r (M) and coker(q M ) are l τ r -torsion modules, they are l Rr τ l Rr -torsion modules as well by part (2). Thus, we obtain an isomorphism
Consider the following R-bimodule maps
where the first map is q l Rr⊗ R M ⊗ R l Rr and the second is the inverse of the isomorphism q(i M ), and 
Thus, Φ M Ψ M is identity when restricted to q M (M) and Also, the map Ψ M Φ M is identity when restricted to i M (M). The module l R r ⊗ R M ⊗ R l R r is l Rr τ l Rr -torsion-free (part (5) of 7) and the quotient coker
The first module is l Rr τ l Rr -torsion and so l τ r -torsion also by part (2) . The second module is l τ r -torsion-free. Thus, this map is 0 and so Φ M = Θ M on entire l R r ⊗ R M ⊗ R l R r . Thus, Φ M is a l R r -bimodule map and Θ M is an isomorphism because Φ M is.
This theorem establishes a one-to-one correspondence between the set of perfect induced filters l F r on R and the perfect symmetric rings of quotients given by l F r → l R r with the inverse S → l F r where F l = {I|Sf (I) = S} and F r = {J|f (J)S = S} for f : R → S epimorphism that makes S into a flat left and a flat right R-module. The theorem also establishes that a perfect filter l F r is equal to the filter of the symmetric tensoring torsion theory:
The remaining parts of Theorem 10 still continue to hold for a perfect symmetric filter. This is the subject of the following corollary. PROOF. (1) As functor i defined by i M : M → l R r ⊗ R M ⊗ R l R r is exact and preserves direct sums because l R r is left and right R-flat, part (2) of Theorem 13 implies that q is exact and preserves direct sums as well.
Let K be a left ideal generated by i 1 , . . . , i n . Then K ⊆ I. Also q R (K) l R r = l R r and so K ∈ F l . Thus, F l has basis of finitely generated ideals. The proof for F r is analogous. 2
It is not clear, at least to the author, if the two conditions from the above corollary are equivalent to the five conditions in Theorem 13 as in the rightsided case (see Theorem 10).
From part (4) of Proposition 7, it follows that if l τ r is a perfect torsion theory, then l τ r is faithful. Thus, the symmetric ring of quotients of a perfect torsion theory is contained in the maximal symmetric ring of quotients Q σ max (R).
Total symmetric ring of quotients
Now we prove the existence of the maximal perfect symmetric ring of quotients (i.e symmetric version of Theorem XI 4.1, p. 233, [16] ). We call it total symmetric ring of quotients, maximal perfect symmetric localization of R or symmetric perfect hull of R to be consistent with the existing terminology for the right-sided version of this notion. We shall denote it by Q σ tot (R). PROOF. Consider the family P of all subrings S of Q σ max (R) such that S is a perfect symmetric ring of quotients of R. This family is nonempty as R is in it. The inclusion of subrings in P corresponds to the inclusion in the perfect torsion theories they determine just as in the one-sided case (see the first paragraph in the proof of Theorem 4.1, p. 233 in [16] ). For every S ∈ P, there is a ring epimorphism f S : R → S that makes S into flat left and right R-module. If l F r is a perfect filter with S its symmetric ring of quotients, then f S is the canonical homomorphism R → l R r = S given by r → (R r , L r ) where R r is the multiplication by r from the right and L r is the multiplication by r from the left. As R is torsion-free in the torsion theory determined by a perfect filter, f S is an embedding.
If S and T are in P, i : S → T the inclusion of S in T and f T : R → T injective ring epimorphism that makes T into a left and right flat R-module, then f T (R) ⊆ S because f T (r) = (R r , L r ) ∈ S. In this case, f T makes S into a left and right flat R-module by Lemma 4.2 in [14] . Thus, for such S and T, f T = if S . Also, if S and T are in P, then the smallest subring U of Q σ max (R) that contains S and T satisfies condition (3) of Theorem 9 by Lemma 4.2, page 234 in [16] . By symmetry, the condition (3) of Theorem 11 is satisfied. So, U is in P. Thus, P is directed by inclusion.
Consider the direct limit of all elements of P. Denote it by Q σ tot (R). We define the injective map f : R → Q σ tot (R) as f = i S f S for any perfect symmetric ring of quotients S with ring epimorphism f S : R → S and the embedding i S : S → Q σ tot (R). f is well defined as if T ∈ P is an overring of S with i inclusion of S in T, then i T f T = i T if S = i S f S = f. To show that f is a ring epimorphism, consider the ring homomorphisms α, β : Q σ tot (R) → T for any ring T such that αf = βf. As f S is epimorphism for every S ∈ P, αi S f S = βi S f S implies that αi S = βi S . But as this holds for every S ∈ P, it implies that α = β on entire Q σ tot (R). Q σ tot (R) is left and right flat as the direct limit of flat modules is flat since tensor product agrees with direct limits. Thus, Q σ tot (R) is the maximal element of P.
If g : R → S is an injective ring epimorphism that makes S into left and right flat R-module, then S is in P and so it embeds in Q σ tot (R). Denote this embedding by g. By construction of Q σ tot (R), f = gg. g is unique such map because g is an epimorphism and so f = gg = hg implies g = h for any h with f = hg. 2
We prove some properties of Q σ tot . [16] . Similarly, [16] ). The maximal symmetric ring of quotients is equal to R (Example 2.26, page 31 in [13] ). Also, as R can be represented as a path algebra of the quiver with two vertices 1 and 2 and two arrows both going from 1 to 2, the maximal symmetric ring of quotients of R can be computed using the techniques from [12] or chapter 2 of [13] . Q σ max (R) = R implies that Q σ tot (R) = R. Thus, this is an example of a ring R with
(2) Another example of the situation described in (1) is the ring
This ring has Q can be found among the rings in the class C of Baer *-rings considered in [1] and [18] . A ring R from C has left and right maximal and classical rings of quotients equal by Proposition 3 in [18] . Thus, Q [16] ). In [10] , Morita constructs Q r tot (R) differently. The simplification of Morita's construction for a class of rings is given in [19] .
In Theorem 3.1 of [10] , Morita showed that a ring homomorphism f : R → S is a ring epimorphism with S flat as a left R-module if and only if S is the right ring of quotients of R with respect to the Gabriel filter F t (S) = {I right ideal |(f (r) : f (I))S = S for every r ∈ R}. In this case S = {s ∈ S|(sf (r) : f (R))S = S for every r ∈ R}.
Motivated by this result, Morita considered the set S ′ = {s ∈ S|(sr : R)S = S for every r ∈ R} for a ring extension S of R. By Theorem 3.1 of [10] , S is flat epimorphic extension if and only if S = S ′ . In Lemma 3.2 of [10] , Morita proved that S ′ is a subring of S that contains R. Then he defined a family of subrings of S indexed by ordinals on the following way:
. Thus, this construction produces the largest flat epimorphic extension of R contained in a given extension S. By taking S = Q r max (R), Morita arrived to Q r tot (R) using this construction.
In this section, we modify this construction to the construction of the total symmetric ring of quotients. For a ring R and its extension S, define S ′ = {s ∈ S | S(R : rs) = S and (sr : R)S = S for every r ∈ R}.
′ is a symmetric ring of quotients with respect to the torsion theory induced by F l = {I|S(I : r) = S for all r ∈ R} and F r = {J|(r : J)S = S for all r ∈ R}. 
Then there is an ordinal γ such that S (γ) = S (γ+1) . (2) Note that F l and F r are Gabriel filters by Lemma 1.1 in [10] . Let l R r be the symmetric ring of quotients with respect to the torsion theory induced by filters F l and F r . Note that R is torsion-free for this torsion theory. Indeed, if r ∈ l T r (R), then the left annihilator ann l (r) is in F l and the right annihilator ann r (r) is in F r . Thus S(ann l (r) : 1) = S and so 1 = n i=1 s i r i for some s i ∈ S and r i ∈ ann l (r). But then r = 1r = s i r i r = s i 0 = 0.
We show now that l R r = S ′ . Let s ∈ l R r . As R is torsion-free, there are I ∈ F l with Is ⊆ R and J ∈ F r with sJ ⊆ R. As Is ⊆ R, I is contained in (R : s). As I ∈ F l , (R : s) is in F l . But that means that S((R : s) : r) = S for every r ∈ R. As (R : rs) = ((R : s) : r), S(R : rs) = S. Similarly, we prove that (sr : R)S = S using that (s :
Conversely, if s ∈ S ′ , then (R : s) ∈ F l as S = S(R : rs) = S((R : s) : r) for every r ∈ R. Similarly, (s : R) ∈ F r as (sr : R) = (r : (s : R)). Then s defines a pair of compatible homomorphism R s : (R : s) → R and L s : (s : R) → R. Thus, s ∈ l R r .
(3) Theorem 3.1 in [10] states that the inclusion R ⊆ S is a left flat epimorphism if and only if S (6) If S is left and right flat, the sets of left and right ideals S F = {I|SI = S} and F S = {J|JS = S} are Gabriel filters (note that we need the condition that S is flat to have that corresponding torsion theories are hereditary) and they induce S τ S by part (3) of Proposition 7.
As S ′ is the symmetric ring of quotients with respect to F l and F r by part (2), it is sufficient to prove that S F = F l and F S = F r . Let I ∈ F l . Then S(I : 1) = S so SI = S. Conversely, if SI = S, then S(I : r) = S for all r ∈ R by property (1) of Gabriel filters (see section 2). 2
The main result of the section is a direct corollary of the above result. 
Questions and open problems
(1) If R is right semihereditary, the total right ring of quotients has a nice description. By Theorem 12 from [19] it is the right ring of quotients with respect to the tensoring with Q r max (R) from the right. Can the idea of the proof of this result from [19] be adapted for symmetric rings of quotients? Namely, if R is semihereditary, is Q 
